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Model Development and Analysis of the Dynamics
of Pressure-Sensitive Paints

Neal A. Winslow,* Bruce E. Carroll,” and Andrew J. Kurdila*
University of Florida, Gainesville, Florida 32611-6250

Two models for the dynamic behavior of pressure-sensitive paints are developed. The first of the two models
is a purely empirical approach to designing a model and compensator. The second model presented encompasses
the physics of the process by which an unsteady pressure field over the paint layer affects the layer and causes an
intensity of fluorescence that is fluctuating in time. Within this second model, two different forms for the static
calibration are chosen. The effect of the calibration on the system dynamics is demonstrated.

Nomenclature

amplitude

pressure-sensitive paint thickness

intercept of linear Stern-Volmer static calibration

calibration constants

diffusivity

activation energy

calibration function from pressure to intensity

calibration function from intensity to pressure

transfer function

integrated intensity

intensity per unit thickness

the complex number, /—1

= intensity error per unit thickness relative to surface

condition

= model order

= oxygen concentrationdifference relative to surface
condition

= oxygen concentration

pressure

temperature

time

distance from substrate

modal states

eigenvalues

solubility

time constant

phase

spatial eigenfunctions

= frequency
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Superscripts and Subscripts

H = Fourier transform of H

H = time derivative of H

in = input

out = output

model = model output

ref = atreference conditions

* = dimensionless

0 = initial

1 = final

0.xx = atxx% response(e.g.,0.99)

Received 30 December 1999; revision received 5 July 2000; accepted for
publication 7 July 2000. Copyright © 2000 by the authors. Published by the
American Institute of Aeronautics and Astronautics, Inc., with permission.

*Graduate Student, Department of Aerospace Engineering, Mechanics
and Engineering Science. Student Member AIAA.

 Associate Professor, Department of Aerospace Engineering, Mechanics
and Engineering Science. Member AIAA.

Professor, Department of Aerospace Engineering, Mechanics and Engi-
neering Science. Member AIAA.

660

Introduction

RESSURE-SENSITIVE paint (PSP) has been an emergent

technology during the past 5-10 years. Many different groups
have made contributions as is summarized in the reviews by
McLachlanand Bell' and Liu et al.> Much successhas beenachieved
in the application of PSP to steady pressure fields. In comparison,
there are but a few papers discussing the application of PSP to
unsteady pressure fields. This paper presents a physically realistic
model for the dynamic response of PSPs and provides a foundation
for further developmentof dynamic compensationschemes for PSP
data analysis.

PSP is a measurement technique that has its roots in photochem-
istry. It is based on the fluorescence quenching effect of oxygen
on luminescent molecules in a polymer binder. As such, the ear-
liest reference of this phenomenon in unsteady situations comes
from polymer chemistry. Cox and Dunn® wrote a paper that has
the beginnings of a good model for the response of PSP to un-
steady pressure fields. They investigated oxygen transport within
poly(dimethyl siloxane) (PDMS) via its effect on the fluorescence
of the luminophor 9,10-diphenyl anthracene. The purpose of their
work was to determine such physical quantities as the solubility,
diffusivity, and activation energies of the polymer PDMS. They ac-
complished this with a cuvette (@ = 1 cm) of PDMS into which was
mixed the luminophor 9,10-diphenyl anthracene. A schematic of a
typical PSP is shown in Fig. 1 and is similar to the geometry of
the cuvette used in their experiments. The cuvette was allowed to
come to equilibrium with pure nitrogen at 1 atm. Then the nitro-
gen environment was replaced with pure oxygenat 1 atm. Over the
next 24 hours, the fluorescenceintensity at the center of the cuvette
(x =4.5-5.5 mm) was monitored. The fluorescence intensity was
seen to fall off quasi-exponentially. With the use of a static calibra-
tion, they were able to back out the indicated oxygen concentration
as a function of time within the PDMS. They then developed an
analytical model for the indicated oxygen concentration using the
one-dimensional diffusion equation. For a step change in oxygen
concentration at the upper surface (x =a) the analytical solution
for the oxygen concentration within the cuvette is
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This model was found to accurately represent the experimental
data. The regression analysis yielded values of diffusivity between
D=20x 10" cm?*/satT =5°Cand D=6.1 x 10> cm?/sat T =
45°C for oxygen in PDMS. However, in the general use of PSPs,
the coating is viewed from above rather than from the side. That
is, the intensity measured from a PSP is the integrated intensity of
the entire layer. The integrated intensity as a function of time for
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Fig.1 Schematic of a typical PSP layer.

an arbitrary unsteady pressure field will be shown later to have a
troublesome nonlinearity.

Perhaps the first true example of unsteady PSP was by Baron
et al.* Here, the inverse of the PSP intensity was compared to the
pressure as the pressure was quickly stepped from near vacuum up
to latm of standard air. The assumption was made that the PSP
responded as a first-order dynamical system with up to two time
constants. The given dynamical system was numerically convolved
with the pressure signal from a fast conventionaltransducerto yield
a pressure that was compared to the pressure indicated by the PSP.
Vianonlinearleast-squarescurvefitting, the time constantsand term
weights were determined, yielding an empirical model for the dy-
namic response of the PSPs. With these empirical models, Baron
et al. were able to get extremely good comparisons between their
curve fits and their experimental data. This paper was the first at-
temptat characterizingthe dynamics of PSP and used a time domain-
based technique.

The work of Borovoy et al.’> was the first actual wind tunnel
application of PSP in unsteady conditions found in the literature.
In this experiment the pressure on a cylinder in Mach 6 flow was
investigated. To achieve the Mach 6 flow, the cylinder was located
perpendicular to the exit of a shock tube. It is stated that the 99%
relaxation time of a PSPs fluorescenceis given by the equation

theg = (12/7%)(a*/ D) )

Once the shock had passed the cylinder, the timing system in the
experiment would wait an amount of time given in Eq. (2) and
then trigger a single flash from a xenon flash lamp. The PSP data
were compared to an analytical solution of Euler’s equations for
nonviscous flow and found to agree to within 10%. It should be
noted that this application was not truly an example of unsteady
PSP, as the data were taken after the shock had already passed the
cylinder and the PSP had been given sufficient time to respond to
the step change in pressure. That is, the flow field was unsteady in
time but not during the period over which the data were acquired.

In separate but concurrent developments, the response of PSP to
periodic pressure fields was investigated by Engler® and Carroll et
al.” In Engler’s work, the PSP was subjected to periodic forcing at
frequencies from 0.1 Hz to 50 Hz. The main goal of this investiga-
tion was the characterizationof the dynamic range and the pressure
resolution of the PSP. No effort was made here to perform dynamic
compensation or to try to mathematically or physically define the
dynamics of the PSP system. Carroll et al. presented experiments
similar in form to those of Engler, namely, the response of PSP to
sinusoidal pressure fields. Much of the analysis performed here was
done in the frequency domain. It was shown that the PSP responds
as approximately a first-order dynamic system based on the ampli-
tude response. The phase response of the PSP system did not match
well to the standard first-order system model.

Carroll et al.® investigated the response of PSP to a step change
in pressure. In this paper are the beginnings of a physically realistic
model for the dynamic response of PSP to a step change in pressure
level. The basics of the paper are that an analyticalmodel was devel-
oped on the basis of the one-dimensionalmass diffusionequation to
describe the transport of oxygen within the PSP layer. This model
was nonlinear and was implemented numerically. In addition, em-
pirical models based on a single-term first-order response and on a
two-term first-order response were developed. With the use of non-
linear least-squares curvefitting, the two empirical models were fit

to the data. The single-term first-order model was shown to inade-
quately fit the data. The two-term and diffusion-basedmodels were
both shown to have excellentagreement with the experimental data.
An equivalent form of the diffusion-basedmodel will be derived in
its entirety in a later section.

The final paper to be discussed here was from Hubneret al.” Pres-
sure and temperature measurements were made on an elliptic cone
model in Mach 7.5 flow. The tests were performed at the 48-inch
hypersonicshock tunnel at Calspan-University of Buffalo Research
Center. Because of the short duration of the flow, a method similar
to that of Borovoy et al.> was used, wherein the PSP was allowed to
come to equilibrium with the flow, and then a photographic strobe
was used to illuminate the paint. The data showed that the pressure
on the surface of the model ranged from 3 to 12 kPa. A second set
of tests was performed with a high frame-rate, eight-bit camera. In
these tests the camera acquired several images of a temperature-
sensitive paint coated model during a single flash from the strobe.
The temperature data from these tests were used to compute heat
transferrates on the surface of the model. The results compared well
with measurements made with thin-film heat transfer transducers.

As can be seen in the literature to date, there is a lack of under-
standing of the fundamentaldynamic response of PSPs. Itis the goal
of this paper to present sound mathematicaland physical models for
PSP dynamics.

PSP Model Development

The most important step in performing a dynamic analysis of PSP
dataisin modelselection. What follows are two differentapproaches
yielding models increasing in design complexity and accuracy. The
first approachis purely empirical in nature. The second is based on
solving the one-dimensional mass diffusion equation in conjunc-
tion with the relation between intensity and pressure under static
conditions.

Empirical Models

Perhaps the easiest model that can be developed is one that does
not even attempt to understand the physics of the system in ques-
tion but rather simply measures the input and output of the system
and uses the data as the characterization. This approach is often
referred to as the “black box” approach. All one must do is define
the input/output mapping for the system as a function of frequency
to create a crude compensator to correct for the amplitude damping
and phase-shifting behavior. The only underlying assumptions to
this type of model are that the system being modeled must be linear
and time-invariant. That is, for an input given by

P, (t) = Py + P, sin(wt) 3)
the output from the system must be of the form
Pou(t) = Py + PiA(w) sin(wt + ¢ () )

In the above equation, A and ¢ are the amplitude ratio and phase
shift,respectively,of the outputrelativeto the inputand are functions
of the driving frequency w. Equations (3) and (4) can be more easily
related to one another in the frequency domain via

Pu(jo) = H(jo)Py(jw) = A(w)e @ P, (jo)  (5)

Shown in Fig. 2 on the basis of input/output data is the frequency
response of a 16-pum-thick PSP sample. These data were acquired
using the experimental setup of Winslow et al.!? and Carroll et al.!!
The general uncertaintiesof the measurements are 0.1 kPa for the
conventional pressure transducer and 2% of the reading for the
PSP measurements. On the basis of experimental data, a transfer
function of the form

1+ jor

H(w) =
@) 1+ jor,

(6)
was chosen to model the system. This particular form of transfer
function is that of a lag system. The transfer function was applied

to the input data, Py, (¢), from a high-frequency response pressure
transducer, using the MATLAB® computer software to achieve a
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Also under static conditions, the intensity of luminescenceis related
to the pressure over the surface via a static calibration:

I = f(P) (8a)
or
P=g() (8b)

dueto the luminescencequenchingeffectof oxygenwithin the layer.
Note here that the functions f and g are inverse functions. For
the moment a generic relation between pressure and intensity is
assumed. Later, specific forms for the static calibration function
will be used to complete the system dynamics. Letting I* =1/1
and P* = P /P, the calibration equation can be brought into a
dimensionless form

(02

Fig.2 Frequency response of a 16-m-thick PSP sample.
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Fig.3 Comparison of PSP data and empirical model data.

model output pressure, P (f). The parameters t; and 7, were
varied until the root mean square error (RMSE) between the PSP-
indicated pressure, Py, (?), and the model output was minimized.
The resulting values of t; and 7, were 0.012 and 0.15 s, respec-
tively. The model transfer function is also shown in Fig. 2. The
time domain data for this experiment are shown in Fig. 3. Shown
in Fig. 3 are the PSP-indicated pressure, the pressure measured by
the conventional transducer, the model output data, and the resid-
ual between the PSP-indicated pressure and the model output. The
absolute error between the PSP data and the model output data is
less than 2 kPa (RMSE =0.97 kPa). As can be seen, the transfer
function of Eq. (6) does a reasonably good job of approximating
the PSP system dynamics. However, the parameters of this curvefit
depend on the thickness and chemistry of the PSP layer in an un-
known manner. That is, if the thickness or formulation of the PSP
was changed, a different transfer function would result. Hence, the
empirical approachis useful for a single sample but does not transfer
well to the type of experiments one might actually want to perform.
Therefore, a more thorough understandingof the physical processes
involved in the dynamics of PSP is required.

Diffusion Models

As was mentioned earlier, PSP is based on the fluorescence
quenching effect of oxygen on luminescent molecules in a poly-
mer binder. This model tracks the process by which an unsteady
pressure above the PSP affects the oxygen distribution within the
PSP and in turn causes the intensity of luminescence to change in
time.

Under static conditions, the oxygen concentrationwithin the layer
will be constant and related to the pressure over the surface via a
linear sorption law (Henry’s law):

n=oP 7

I" = f(P")

©)

In the preceding equation, the nondimensional integrated intensity
I'* can be replaced by the dimensionless intensity per unit depth,
J*, by noting that

I*:I/Iref:(l/a)/(lref/a):J/Jref:-]* (10)

Also pressure can be replaced with oxygen concentrationby noting
that

P*:P/Pref:UP/UPref:n/nref:n* (11)

A static calibration equation relating the intensity per unit depth to
the oxygen concentrationcan then be given as

Jr=f@n") (12)

Neglecting any internal light attenuation, this equation also holds
on a local level, that is, at any point within the layer.’ Therefore,
Eq. (12) can be used within the layer by considering both J* and
n* to be functions of depth x. In addition, this equation holds as a
function of time, assuming that the kinetics of the quenching pro-
cess are much faster than the kinetics of the diffusion process. The
kinetics of the quenching process are on the order of the lifetime of
the fluorescence, which is itself on the order of microsecondsfor the
ruthenium-based paints.>'>!3 Then, since the kinetics of the diffu-
sion process are on the order of milliseconds to seconds for typical
coating thicknesses,**~!! the assumption is indeed valid. Restating
Eq. (12) with the new dependencies, one observes that the static
calibration provides a dynamic relation between intensity at a given
depth within the PSP layer and the oxygen concentration at that
depth

J*(x,t) = f n*(x,1)] (13)

The nextstep is to solve for the oxygenconcentrationas a functionof
depth and time for a given surface pressure input, P;,(f) = P(a, t).
This will be done using the one-dimensionalmass diffusionequation
with boundary conditions and initial conditions of

9%n 1 on
e D (142)
n(a,t) = oPy,(t) (14b)
nO.0 _, (14¢)
0x
n(x,0) = oPy,(0) (144)

The governingequation(14a) assumesthat the PSP layerisinfinitein
the transversedirectionsand that the diffusivityis constant. The first
boundary condition, Eq. (14b), makes the assumptionthat the kinet-
ics of the sorption process are much faster than the kinetics of the
diffusion process, such that the surface of the PSP is in equilibrium
with the air above. The second boundary condition, Eq. (14c¢), repre-
sents a nonpenetrationcondition at the substrate. The initial condi-
tion, Eq. (14d), states that the oxygen concentrationacross the layer
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is initially constant (i.e., in equilibrium initially). Equations (14a-
14d) or their underlying assumptions have been used in many
other analyses of the solubility and diffusion of gases in
polymers >8:10.11.14 Thege equations can be nondimensionalizedby
letting x* =x/a, t*=t/t, where T = a*/D and making use of
Eq. (11) to arrive at

9%n* o (152)
Ox ) ot a
(1, 1) = P2 (%) (15b)
an* (0, 1*
.0 _ (15¢)
ox*
n*(x*,0) = P (0) (15d)

In PSP measurements, the luminescence intensity is the quanti-
ty actually measured. Thus, it is instructive to recast Egs. (15a-
15d) in terms of intensity. Inverting Eq. (13) to get n*(x*,t*) =
g J*(x*, t*)] and substituting into Egs. (15a-15d) yields

0 02 9%g/@I (077
B Grr T oagrare (aT) (162)
I, = f[Prah] (16b)
70.M _ (16¢)
ox*
J(x*,0) = f[PEO)] (16d)

Equations (16a-16d) representa nonlinear partial differential equa-
tion with nonhomogeneous boundary conditions describing the in-
tensity distribution as a function of depth and time. Notice that
recasting the formulation in terms of intensity, J*, instead of oxy-
gen concentration, n*, introduces the nonlinear term. The problem
can be restated via a change of variables

K", 1) = J (", 1) — f[Pra)] (17

to achieve a nonlinear partial differential equation with homoge-
neous boundary conditions and initial conditions

AK K g/ (K Z_M (182)
ore — (@x7)  ag/ojr \ox or
0K (©0.1) _ 0 (18¢)
0x*

The output of a PSP measurement is the integrated intensity (ne-
glecting internal absorption)

1 1

I: (" )_/ J*(x*, %) dx* =/ K", Yy dx* + f[PE)]
0 0

(19)

The integrated intensity is then related to the indicated pressure
through the static calibration, P} (") =g I} (t)].

Equations (18a-18d) are an extremely importantset of equations,
representingthe error between the intensity outputby the uppermost
layer of the PSP and the intensity output from a given depth within
the PSP layer. The term on the left-hand side (LHS) and the first term
on the right-handside (RHS) of Eq. (18a) are both linear terms. The
last term on the RHS of that same equation is a forcing term. The
middle term on the RHS is in general highly nonlinear and contains
a forcing part as well. Because of the nonlinearity of this term, it is

not possible in general to apply classical controls methods, as will
be shown later. With the use of two different assumed calibration
functionsand modal analysis,a system model now will be developed
and simulated.

Diffusion Model with Linear Calibration
The first calibration function to be investigated will be

I*= f(P*) =cy+c,P* (20a)
or
P =g(I") = (I" = cp)/ci (20b)

This form of calibrationis not typically used in PSP analysis; how-
ever, it has one important feature. Using a calibration that is linear
between intensity and pressure causes the (normally) nonlinearterm
from Eq. (18a) to drop out, yielding
DK (1) Kt 1) Of[Paa)] on
arr (x%)? ar

which is now a linear partial differential equation with forcing. The
solution to this equation will be assumed via separation of variables
as

Ko ) = ) () (") (22)
i=1

where W; (x*) are sine or cosine functions. This form of solution is
based on a method called modal analysis and is often used in lin-
ear systems dynamics modeling. The spatial eigenfunctions ¥; (x*)
must satisfy the boundary conditions Eqgs. (18b) and (18c¢)] giving

W, (x*) = cos(kix*) where A; = 2i — 1)(7/2) (23)

Substituting into Eq. (21), multiplying by W, (x*), and integrating
across the thickness of the layer gives

& (1*) = —22a, (1) — 2 sin() /A1 f [ PE@9)] (24)
Substituting Eqs. (22) and (23) into Eq. (19) yields the output
= §1n(k ) .
5,0 =Y o)==+ f[Pr(")] (25)
i=1
Inimplementationthe infinite sum of Eq. (22) will be truncated after

some number of terms M. After truncation, Eqs. (24) and (25) can
be written in the standard linear systems form

: 0 0 :
di (t*) = 0 —}\12 0 o (t*)
. 0 0 .
. . P (1
+ [0 —2sin(A)/A; f[ n(t )] (26a)
: : flPan]

sinG) : flPaam]
(= o) e |+ a0l
nu( ) ( )\i ) (0% | ( )<f[P;(t*)]>

(26b)

This system is a multi-input, single-output system with 1nput§ of
S Pi(t*)]and f P (t)], state vector o; (£*), and output I (*). A
useful property of th1§ model is that the system matrix is diagonal
with distinct, nonzero eigenvalues. The usefulness of this property
isin calculating the observabilityand controllabilitymatrices. It can
be shown that these matrices are both full rank, thus implying that
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Table1 Sample PSP indicated pressures
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Fig.4 Simulated PSP unit step response using diffusion-based model
with a linear calibration.

the system is both observable and reachable. These two properties
should allow a simple compensator to be constructed. There is one
additional point of interest concerning this system. Because it is
a linear system and the relation between intensity and pressure is
linear, Eqs. (26a) and (26b) can be rewritten via a linear transforma-
tion as a system between the input pressure and the indicated output
pressure:

. 0 0

aiy =] o - o fwe
0 0
i :a v | () 2
—2<81n : : .

+ . . )/ A Be ) (27a)
PO N Pae)
an(t)_( = ) ¢ +(1’O)(P;;(t*)>

(27b)

It can be shown that this output is identical to the solution for
n*(x*, t*) integrated across the layer, thatis

1

P: (1) = / n*(x*, t*) dx* (28)
0

where n*(x*, t*) is obtained by solution of Egs. (15a-15d). This

system s then identical to that used by Carroll et al.!! For a number

of inputs P.(¢*), the output from the system is analytic. Table 1

below lists several of these solutions.!?

Note that the function step(t), sometimes referred to as the unit
step function, is zero for # < 0 and unity for z > 0. Also note that the
solution shown for the sinusoidalinputis only that due to the steady
periodic conditions, not the initial transient period.

Shown in Fig. 4 is the simulated step response using the first 1, 2,
4,and 20 terms from the analyticalsolutionof Table 1. The responses
of the first three curves have been renormalized so as to approach

Fig.5 Simulated PSP frequency response using diffusion-based model
with a linear calibration.
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Fig.6 Comparison of PSP data and diffusion-based model output with
a linear calibration.

unity as time grows large. Labeled on the graph are several points
throughoutthe response. It can be seen that the time to reach 99% of
the total response is approximately 1.80t, compared with the value
of (12/7%)r put forth in the paper by Borovoy et al.’ It can also be
seen that a model order of M =5 should be sufficient to represent
most of the dynamic behavior.

Figure 5 shows the simulated frequency response of the PSP.
There are two interesting items of note here. First, the amplitude
slopes off at —10 dB/decade. Second, the phase shift levels off at
—45°. Following the trend of first- and second-order systems, it
would then seem that this system exhibits the behavior of a half-
order system, which has some meaning in the context of fractional
calculus, in which derivatives and integrals of rational order are
defined. In the text by Oldham and Spanier'® on this subject, the
relation between many diffusion-based phenomena and the half-
order derivative or semiderivative is shown. An attempt has been
made to express this current model using fractional calculus, but no
clear results have yet been achieved.

Figure 6 shows a set of experimental input and output pressure
data. Also included in Fig. 6 is the model output pressure based on
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the linearized diffusion model of Egs. (27a) and (27b), with M = 5.
The value of the time constantthat minimizes the RMSE betweenthe
PSP-indicated pressure and the model output pressureis T =0.437.
The RMSE of the curvefit is 0.91 kPa, which is a very good fit. The
thickness of this particular sample was 17 um. Using T = a?/D a
value of D =6.6 x 10~ cm?/s is acquired for the mass diffusivity.

An equivalentform of the model of Eqs. (27a) and (27b) has been
shown to adequately represent experimental data.® One interesting
application of this model was that of Carroll et al.'' In this work,
the model was applied to experimental data using numerical convo-
lution and nonlinear least-squares curve fitting to calculate the time
constant t. The thickness, a, of the PSP was then measured using an
eddy current gauge. Once these two values had been found, the mass
diffusivity could then be calculatedviat = a*/D or D =a’/t. The
values of mass diffusivity found ranged from 4.99 x 10~° cm?/s at
10°C to 7.62 x 107> cm?/s at 40 °C. Using an Arrhenius model of
the form

D = Aexp(—E/RT) (29)

to fit the temperature data a value of 2.48 kcal/mole was found for
the activationenergy. These values of mass diffusivity and activation
energy were in excellent agreement with similar values from other
sources.>!'*!7 Hence, it was shown that the simple linear model
could be used in a diagnostic manner to determine various physical
properties of the PSP.

Diffusion Model with Linear Stern-Volmer Calibration

The most widely used calibration for PSP is based on the Stern—
Volmer relation. It may be expressed as a linear relation between
pressure and the inverse of intensity:

I"=f(P")=1/b+ (1 -b)P"] (30a)
or

Pt =g(I") = (1/I") =b]/(1 = b) (30b)
In these equations, b is the intercept of the standard linear Stern-

Volmer relation and 1 —5 is the slope. Applying Eq. (10) to
Eqgs. (30a) and (30b) and substituting into Eq. (18a) gives

0K K 2 (81()2_ af[Pran]
ars (x*)? K +f[Pi:(t*)] dx* ar*

31

This is the governing equation for the PSP dynamics based on the
linear Stern-Volmer calibration. It can be seen that the middle term
on the RHS is highly nonlinear and contains a forcing component
as well. Because of this term, a numerical solution to this equation
would require a complex numerical algorithm. However, rather than
perform a direct solution to this equation, a different method will
be employed. It will begin by solving for the oxygen concentra-
tion from Egs. (15a-15d). These equations can be transformed to a
linear partial differential equation with forcing with homogeneous
boundary conditions and initial condition via

m(x*, t*) = n*(x*, t*) — P (t") (32)

Then, modal analysis can be applied see Egs. (22) and (23)]. The
resulting system equationis identicalto Eq. (27a). The system equa-
tion together with an output equation designed to give the oxygen
concentrationdistributionis then

: 0 0 :
a@) =10 -2 0 ||ae)
: 0 0 :
S Py (%)
+ 0 -2 sm.()»,.)/)»,‘ Pi: ) (33a)

. P* *
(e, 1) = (o cos(axt), ) | @@ | + 1, 0) (PZD

(33b)

This system is linear and can be easily solved at a discrete number
of points throughout the layer to achieve an oxygen concentration
distribution. This oxygen concentration distribution will then be
converted to an intensity distribution by using the calibrationin a
dynamic sense:

J )y =1/ b+ (1 = b)n*(x*, t7)] (34)

It may be helpful for the reader to refer once again to the discussion
leading from Eq. (9) up to Eq. (13) for the validity of Eq. (34).
Then, the intensity distribution can be numerically integrated to get
the integrated intensity output. Making use of the static calibration
of Eq. (30b) achieves the indicated output pressure.

Figures 7 and 8 show the simulated response of PSP to a positive
and a negative step in pressure, respectively. For the positive step,
the initial pressure was P} =0.1, the final pressure was P;" = 1.0,
and the interceptof the linear Stern- Volmer calibration was b = 0.2.
For the negative step, the values of P} and P" were reversed. Shown
in Figs. 7 and 8 are comparisons of the two models, based on the
linear calibration and the linear Stern-Volmer calibration, respec-
tively. For the datasets based on the linear calibration,a model order
of M =5 was used. For the data based on the linear Stern-Volmer
calibration,a model orderof M = 5 was used to calculatethe oxygen
concentration distribution. This was evaluated at 21 evenly spaced
grid points throughout the depth of the layer. Next, it was con-
verted to intensity per unit depth via the calibration equation and
numerically integrated across the layer using the trapezoidal rule

1.2 T T T

— -~/ -~ LinearCal.
—&—— Stem-Volmer Cal.

0 ] ] I
0 0.5 1 1.5 2

Fig.7 Simulated positive step in pressure (model comparison).

1.2 T T T

- - -&-— LinearCal
—=o6—— Stern-Volmer Cal.

Fig. 8 Simulated negative step in pressure (model comparison).
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Table2 Comparison of curvefits

Calibration 7,8 RMSE, kPa
Linear 1.25 4.10
Linear Stern-Volmer 1.11 1.39
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Fig.9 Positive step in pressure (model comparison).

integrator. The integrated intensity was then converted to an indi-
cated pressure by means of the calibration. From Fig. 7 it can be
seen that for a positive step in pressure, the linear model solution
leads the linear Stern-Volmer model solution. In Fig. 8 this behav-
ior is reversed. There are several items of note with respect to these
comparisons. First, the difference between the models is a function
of each of the values P, P;", and b. If the pressure data were scaled
via (P* — PJ)/(P;" — P;) the response of the linear Stern-Volmer-
based model would continueto show differentbehavior for different
values of Pj, P/, and b, whereas the linear calibration-basedmodel
would always show the same response. Second, as AP of the step
decreases, the two models will collapse to the same behavior. Simi-
larly, the models will also collapse to the same behavior for b — 1.

Figure 9 shows experimental input and output data for a positive
step in pressure. Also shown is a comparison of curvefits of the two
preceding diffusion-based models. The results of the curvefits are
shown in Table 2. For the model based on the linear Stern-Volmer
calibration, an intercept of b = 0.14 was used. It is quite clear that
the model using the linear Stern-Volmer calibration does a much
better job of approximating the PSP response than the model based
on the linear calibration.

Conclusions

A brief history of PSP in unsteady conditions has been presented.
The lack of an entirely physical model for the PSP behavior was
shown to exist in the literature. With this in mind two models were
presented. The first contained absolutely no physics and was based
entirely on curvefitting an empirical equation to the input/output
data. This model works well, as long as parameters such as PSP
thickness, composition, and temperature remain constant. Because
itisin generalnot feasibleto keep these parameters constant,a more
fundamental model is needed. The second was based on the one-
dimensional mass diffusion equation and an assumed form for the
static calibration function. Two forms for the static calibration were
presented along with their effect on the system dynamics. The first
calibration function was a simple linear relationship between pres-
sure and intensity. The system model using this calibration function
could be stated in the form of a system of linear equations and was
easy to implement. The second calibration function was the stan-
dard linear Stern- Volmer calibrationoften used in PSP testing. The
system model under this calibration function was shown to have a
nonlinear term that could not be handled using conventional linear
systems techniques. This led to the developmentof an alternate solu-
tion method, wherein the oxygen concentration within the PSP layer
was acquired first. Then, this oxygen concentrationdistribution was

converted to intensity distribution by means of the static calibra-
tion. The intensity distribution was then integrated across the layer
to achieve the integrated intensity from the PSP. Finally, the inte-
grated intensity was converted to pressure via the static calibration.
The diffusion-based model using a linear Stern-Volmer calibration
function was shown to more accuratelymodel the PSP response than
the diffusion-based model using a linear calibration. However, the
diffusion-basedmodels were shown to have similarcharacteristicsin
general. All of the models presented were shown to adequatelyrepre-
sent experimental data. Additional diffusion-basedmodels can eas-
ily be derived by using alternate calibration functions, for example,
a quadratic Stern-Volmer calibration. Now that models for the dy-
namic behavior of PSP have been developed, the task of designinga
compensatorcanbegin. This will be the topic of a forthcomingpaper.
Tobe ableto use PSP in a full dynamic sense would representa major
step forward in the evolution of PSP as a measurement technique.
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